The Gromov Width of Symplectic Cuts of Symplectic Manifolds by Huynh, My Thanh
THE GROMOV WIDTH OF SYMPLECTIC CUTS
OF SYMPLECTIC MANIFOLDS
A Dissertation
Presented to the Faculty of the Graduate School
of Cornell University
in Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy
by
My Thanh Huynh
May 2018
c© 2018 My Thanh Huynh
ALL RIGHTS RESERVED
THE GROMOV WIDTH OF SYMPLECTIC CUTS OF SYMPLECTIC
MANIFOLDS
My Thanh Huynh, Ph.D.
Cornell University 2018
In 1985, Gromov discovered a rigidity phenonmenon for symplectic embed-
dings which led to the concept of Gromov width: a measure of the largest ball
that can be symplectically embedded inside a symplectic manifold. This is an
invariant of the symplectic form. The central theme of this thesis is computing
the Gromov width of symplectic cuts. We do this for two classes of symplectic
manifolds: four-dimensional toric manifolds and complex Grassmannian man-
ifolds. Symplectic cutting results in symplectic manifolds of smaller volume.
A natural question is whether the Gromov width decreases (or at least does
not increase) under this operation. In this thesis we use symplectic embedding
techniques and theory of J-holomorphic curves to establish lower and upper
bounds on Gromov width. In the case of 4-dimensional toric symplectic man-
ifolds, we answer the question positively for any symplectic cuts that result in
smooth manifolds. We then compute the exact Gromov width of certain cuts of
complex Grassmannians, again establishing the desired monotonicity.
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CHAPTER 1
INTRODUCTION
The Darboux theorem in symplectic geometry states that for any point in a sym-
plectic manifold, there is a system of local coordinates such that the symplec-
tic manifold looks locally like R2n equipped with its standard symplectic form.
Over the past thirty years, researchers have been interested in a natural and
fundamental problem in symplectic geometry: how far we can symplectically
extend these coordinates in the symplectic manifold? In other words, what is
the largest size of a ball embedded symplectically into the symplectic manifold?
This is how the concept of Gromov width arises.
Let B2n(r) =
{
(x1, . . . , xn, y1, . . . , yn)
∣∣∣∣ n∑
i=1
(x2i + y
2
i ) < r
}
denote the open
ball of radius r centered at the origin in R2n and ωstd :=
n∑
i=1
dxi ∧ dyi the stan-
dard symplectic form on R2n, which we may restrict to B2n(r). A symplectic
embedding φ of (B2n(r), ωstd) into a symplectic manifold (M2n, ω), denoted by
φ : B2n(r)
s
↪→ M2n, is a smooth embedding φ of B2n(r) into M2n satisfying
φ∗ω = ωstd. The Gromov width of a symplectic manifold (M,ω) is defined as
Gwidth(M) := sup{pir2 | B2n(r) s↪→M2n}.
The Darboux theorem guarantees that the Gromov width of any symplectic
manifold is always positive.
The first result of this type is Gromov’s celebrated Non-squeezing Theorem.
He developed J-holomorphic techniques to provide upper bounds on the in-
variant now called Gromov width.
Theorem 1.0.1 (Gromov’s non-squeezing theorem, [12]). If there is a symplectic
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embedding of the ball B2n(r) of radius r into a cyclinder B2(λ) × R2n−2 of radius λ,
then r ≤ λ.
In particular,
Gwidth(B2(λ)× R2n−2) = piλ2.
The Non-squeezing Theorem was proved by Gromov in 1985, where a beau-
tiful application of the theory of J-holomorphic curves to symplectic geome-
try is presented. Since then, many authors have used Gromov’s method for
bounding from above the Gromov width of many families of symplectic man-
ifolds including in the works of Lu for toric symplectic manifolds [27], Lu and
Karshon-Tolman for complex Grassmannian manifolds [26] and [22], respec-
tively, Mandini and Pabiniak for polygon spaces [29], Zoghi for regular coad-
joint orbits [41], and Caviedes Castro extended Zoghi’s results to all coadjoint
orbits of compact Lie Groups [7].
Lerman introduced symplectic cutting, a technique used to split a symplec-
tic manifold into two new symplectic manifolds, each with smaller volume than
the first. It is natural to ask whether or not the Gromov width of a symplectic cut
is at most the Gromov width of the original manifold. Computing the Gromov
width of a symplectic cut is itself a fascinating problem. In this thesis we will
deploy various techniques to compute the Gromov width of a symplectic cut
and compare the result with the Gromov width of the original manifold. Under
symplectic cutting, the volume of a symplectic cut is less than the volume of the
original manifold. One would think that the Gromov width should behave sim-
ilarly; however, due to rigidity of symplectic embeddings, the Gromov width
needs not decrease when the volume decreases.
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We will use symplectic cutting to produce new compact symplectic mani-
folds from old compact ones equipped with sufficient symmetries. If (M,ω) is a
connected symplectic manifold, then the action of a (compact) torus Tn ∼= (S1)k
is called Hamiltonian if there exists a T-invariant map Φ : M → t∗, called the
moment map, such that
i(ξM)ω = −d〈Φ, ξ〉 ∀ξ ∈ t,
where ξM is the vector field on M generated by ξ ∈ t. For the rest of the thesis,
we identify t and t∗ with Rn.
Example 1.0.2. On the manifold (C, i
2
dz ∧ dz¯), consider the action of the circle
S1 =
{
t ∈ C
∣∣∣∣ |t| = 1} by rotations
ψt(z) = t
kz for t ∈ S1,
where k ∈ Z is fixed. The action φ : S1 → Diff(C) is Hamiltonian with moment
map µ : C→ R given by
µ(z) =
1
2
k|z|2.
In polar coordinates, ω0 = rdr ∧ dθ so µ(reiθ) = 12kr2 and the vector field on C
corresponding to the generator 1 of g ' R is ξM = k ∂∂θ . Then
i(ξM)ω0 = −krdr = −d
(
1
2
kr2
)
.
Let (M,ω) be a connected symplectic manifold with a Hamiltonian circle
action (for T = S1) and a moment map µ : M → R. Suppose that  is a regular
value of the moment map and the circle acts freely on the level set µ−1(). We
consider the disjoint union
M˜ = M[,∞) := µ−1((,∞)) unionsqM,
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obtained from the manifold with boundary µ−1([,∞)) by collapsing the bound-
ary under the S1-action where M = µ−1()/S1. Lerman [25] shows that M˜
is naturally a symplectic manifold, in such a way that the embeddings of
µ−1((,∞)) and M are symplectic. Moreover, the induced circle action on M˜
is Hamiltonian, with the moment map coming from the restriction of the orig-
inal moment map µ to {m ∈ M : µ(m) ≥ }. The symplectic manifold M˜ is
called the symplectic cut of M with respect to the ray [,∞). The operation that
produces the symplectic cut M˜ is called symplectic cutting. We will consider
the symplectic cut with respect to the ray [,∞) unless otherwise stated, simply
call the symplectic cut of M . The symplectic cut with respect to the ray (−∞, ]
is equally interesting, and results in this thesis are applied to this cut as well. At
a regular value , the circle action has at worst finite stabilizers. When the action
is not free, M˜ is a symplectic orbifold.
Example 1.0.3. Consider the symplectic 2-sphere (M = S2, dθ∧dh) in cylindrical
coordinates, the parameter group of diffeomorphisms given by rotation around
the vertical axis, ψt(θ, h) = (θ + t, h)(t ∈ R) is a Hamiltonian action of the group
S1 ' R/〈2pi〉, as it preserves the area form dθ∧ dh. The moment map µ : S2 → R
is described in Figure 1.1. We apply symplectic cutting on this manifold at the
regular value . M is the upper hemisphere of the 2-sphere, the rim of the
hemisphere µ−1() is the circle equator of the 2-sphere. Note that S1 acts freely
on µ−1() so µ−1()/S1 collapses to a point. The new symplectic cut M˜ = M[,∞)
is another 2-sphere whose south pole is at the level of , which is the red sphere
in Figure 1.1.
In this thesis we are interested in finding the Gromov width of symplectic
cuts of two classes of symplectic manifolds: four-dimensional toric symplectic
manifolds and complex Grassmannian manifolds. The rest of the chapters are
4
Figure 1.1: Hamiltonian S1 action on two-sphere S2 and its symplectic cut
in red color
divided as follows: Chapter 2 provides background materials and surveys on
relevant previous work, Chapter 3 computes the Gromov width of all smooth
symplectic cuts of four-dimensional toric symplectic manifolds and Chapter 4
computes the Gromov width of certain symplectic cuts of complex Grassman-
nian manifolds.
5
CHAPTER 2
BACKGROUND
In this chapter, we develop the background needed for this thesis and we
also survey relevant previous work in symplectic geometry. This includes back-
ground materials on symplectic cutting, toric symplectic manifolds, equivariant
techniques, and theory of J-holomorphic curves.
2.1 Properties of symplectic cutting
In this section, we quote results from [25] that the symplectic cuts at regular
values of a free Hamiltonian circle action are symplectic manifolds. Basic prop-
erties of symplectic cutting are also surveyed.
Suppose that (M,ω) is a symplectic manifold with a Hamiltonian circle ac-
tion and a moment map µ : M → R and further suppose that the circle S1 acts
freely on the level set µ−1(). The product manifold (M × C, ω ⊕ 1
i
dw × dw¯) is
equipped with a Hamiltonian circle action S1 defined by
eiθ(m,w) = (eiθm, e−iθw)
with a moment map
Φ(m,w) = µ(m)− |w|2.
Then  is a regular value of Φ and S1 also acts freely on this level set. By the
Marsden-Weinstein-Mayer Theorem [6, Theorem 23.1] on symplectic quotients,
Φ−1()/S1 is again a symplectic manifold. The set {Φ = } is a disjoint union of
two S1 invariant manifolds:
{Φ = } =
{
(m,w)
∣∣∣∣µ(m) >  & w = eiθ√µ(m)− }⊔{(m, 0) ∣∣∣∣µ(m) = } .
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The first manifold is equivariantly diffeomorphic to the product of M(,∞) =
{m : µ(m) > } and of the circle S1 and the second manifold is diffeomorphic
to the  level set µ−1(). Consequently, the manifold M(,∞) embeds as an open
dense submanifold into the reduced space
M[,∞) := Φ−1()/S1 =
{
(m,w) ∈M × C
∣∣∣∣µ(m)− |w|2 = } /S1
and the difference M[,∞) − M(,∞) is symplectomorphic to the reduced space
µ−1()/S1. Thus, the symplectic cut M[,∞) is a symplectic manifold equipped
with a Hamiltonian circle action S1 inherited from M . We end this section with
several main properties of symplectic cutting in the next few remarks.
Remark 2.1.1 (Cuts and Hamiltonian group actions). If in addition to the action
of a circle on our manifold (M,ω) we have a Hamiltonian action of another
group K on M that commutes with the action of S1 then the symplectic cut is
again a Hamiltonian K-space.
Remark 2.1.2 (Cuts and global blow-ups). Let (M,ω) be a Hamiltonian S1 space
with a proper momentum map µ : M → R. Suppose the moment map achieves
its maximum on M and that it achieves this maximal value c at a single point
m0. Then for  sufficiently small, m0 is the only critical point in the set Mµ>c− =
{m ∈ M | c − µ(m) < }. Assume further that the weights of the isotropy
representation of S1 on Tm0M are all 1. It follows from the equivariant Darboux
theorem that the level sets µ = c− δ are spheres for all 0 < δ < . Therefore, the
manifold Mµ>c− is the blow-up of M at m0 by a δ amount since we obtained
it by removing a set symplectomorphic to an open ball and then collapsing the
fibers of the Hopf fibration in the boundary of the remaining set.
Remark 2.1.3 (Cuts and moment polytopes). Atiyah-Guillemin-Sternberg con-
vexity theorem [1], [14] says that if a torus T acts on a compact symplectic man-
ifold (M,ω) with a moment map µ : M → t∗, then µ(M) is a rational convex
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polytope in t∗. Suppose ξ ∈ t generates a circle subgroup Sξ of T . Then the
action of Sξ on (M,ω) is Hamiltonian with moment map µξ = ξ ◦ µ. The actions
of Sξ and of T commute. If we cut M at  ∈ R using µξ ,we get a Hamiltonian T
orbifold. Its moment polytope is
µ(M) ∩ {λ ∈ t∗ | 〈ξ, λ〉 ≥ }.
Thus, there is a correspondence between symplectic cuts of manifolds and cuts
of moment polytopes.
2.2 Toric symplectic manifolds
A 2n-dimensional toric symplectic manifold (M2n, ω) is a compact, connected
symplectic manifold equipped with an effective Hamiltonian action of an n-
dimensional torus (the dimension of the torus is half the dimension of the man-
ifold) with a corresponding moment map µ : M → Rn. The coadjoint action is
trivial on a torus. Hence, if Tn is an n-dimensional torus with Lie algebra and
its dual both identified with Euclidean space, g ' Rn and g∗ ' Rn, a moment
map for an action of Tn on (M,ω) is simply a map µ = (µ1, . . . , µn) : M → Rn
satisfying:
• For each basis vector Xi of Rn, the function µi is a Hamiltonian function
for the vector field ξi on M generated by Xi satisfying iξiω = −d(µi) and is
invariant under the action of the torus.
The Atiyah/Guillmeimin-Sternberg convexity Theorem guarantees that
µ(M) is a convex polytope.
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Theorem 2.2.1 (Atiyah [1], Guillemin-Sternberg [14]). Let (M,ω) be a compact
connected symplectic manifold, and let Tm be an m-torus. Suppose that ψ : Tm →
Sympl(M,ω) is a Hamiltonian action with moment map µ : M → Rm where
Sympl(M,ω) is the space of all symplectomorphisms from M to itself. Then
a) the levels of µ are connected;
b) the image of µ is convex;
c) the image of µ is the convex hull of the images of the fixed points of the action.
Thus the image µ(M) of the moment map is called the moment polytope
and it is convenient to think that the moment polytope lies in Rn via the identi-
fication above.
The Example 1.1 is an example of a symplectic manifold whose moment im-
age is a line segment in R. Below is a more interesting example whose moment
polytope is a triangle in R2.
Example 2.2.2. Let (CP2, ωFS) be the 2-dimensional complex projective plane
equipped with the Fubini-Study form [5, Section 2.3]. The T2-action on CP2 by
(eiθ1 , eiθ2) · [z0 : z1 : z2] = [z0 : eiθ1z1 : eiθ2z2] has moment map
µ[z0 : z1 : z2] =
1
2
( |z1|2
|z0|2 + |z1|2 + |z2|2 ,
|z2|2
|z0|2 + |z1|2 + |z2|2
)
.
The fixed points have images
µ([1 : 0 : 0]) = (0, 0),
µ([0 : 1 : 0]) = (1
2
, 0),
µ([0 : 0 : 1]) = (0, 1
2
).
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Figure 2.1: The moment polytope for the standard T2 action on CP2
Delzant’s theorem [9] completely classifies toric symplectic manifolds up to
equivariant symplectomorphism by the combinatorial data encoded in the cor-
responding Delzant polytope. We first define a Delzant polytope.
Definition 2.2.3. A Delzant polytope ∆ in Rn is a polytope satisfying:
• simplicity: there are n edges meeting at each vertex;
• rationality: the edges meeting at the vertex p are rational in the sense that
each edge is of the form p+ tui, t ≥ 0, where ui ∈ Zn;
• smoothness: for each vertex, the corresponding u1, . . . , un can be chosen
to be a Z-basis of Zn.
Example 2.2.4. The figures below show examples of Delzant polytopes and
polytopes that are not Delzant in R2.
Theorem 2.2.5 (Delzant [9]). Toric manifolds are classified by Delzant poly-
topes. More specifically, the bijective correspondence between these two sets
10
Figure 2.2: Examples of Delzant polytopes in R2.
Figure 2.3: Examples of polytopes that are not Delzant: the polytope on
the left fails the smoothness condition while the other fails the
simplicity condition.
of equivalence classes is given by the moment map:
{toric manifolds}
{T n equivariant symplectomorphisms}
1−1−→ {Delzant polytopes}{translations}
(M2n, ω,Tn, µ) −→ µ(M).
2.3 Symplectic embeddings of a ball using equivariant tech-
niques
In this section we review the equivariant technique that Karshon and Tolman
developed to construct symplectic embeddings of open subsets of Cn into sym-
plectic manifolds with a Hamiltonian torus action; for a detailed treatment of
these results, see [22]. Let a torus T ∼= (S1)dimT with Lie algebra t act effectively
on a connected symplectic manifold (M,ω). A moment map is a map Φ : M → t∗
11
Figure 2.4: Isotropy weights of standard S1 action on C2 by rotation
such that
i(ξM)ω = −d〈Φ, ξ〉 ∀ξ ∈ t
where ξM is the corresponding vector field on M .
Let p be a fixed point. There exists ηj ∈ t∗, called the isotropy weights at
p, such that the induced linear symplectic T-action on the tangent space TpM is
isomorphic to the action on (Cn, ωstd) generated by the moment map
ΦCn(z) = Φ(p) + pi
∑
|zj|2ηj. (2.1)
The isotropy weights are uniquely determined up to permutation. Note that
with our sign convention in equation 2.1 the isotropy weights are pointing into
the moment image. For example, the standard S1 action on C2 by rotation with
speed one gives the following moment image in Figure 2.4.
The equivariant Darboux theorem [40] tells us that a neighborhood of p in
M is equivariantly symplectomorphic to a neighborhood of 0 in Cn. However
this theorem does not tell us how large we can take this neighborhood to be.
Karshon and Tolman developed an equivariant technique that allows us to con-
trol the size of this neighborhood.
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Let T ⊂ t∗ be an open convex set which contains Φ(M). The quadruple
(M,ω,Φ, T ) is a proper Hamiltonian T -manifold if Φ is proper as a map to T ,
that is, the preimage of every compact subset of T is compact.
Definition 2.3.1. A proper Hamiltonian T -manifold (M,ω,Φ, T ) is centered
about a point α ∈ T if α is contained in the moment map image of every com-
ponent of MK , for each K ⊂ T .
We now quote several examples and non-examples, see [22] for more details.
Example 2.3.2. A compact symplectic manifold with a non-trivial torus action
is never centered because it has fixed points with different moment images.
Example 2.3.3. Let a torus T act linearly on Cn with a proper moment map ΦCn
such that ΦCn(0) = 0. Let T ⊂ t∗ be an open convex subset containing the origin.
Then Φ−1Cn(T ) is centered about the origin.
Proposition 2.3.4. [22, Proposition 2.8] Let (M,ω,Φ, T ) be a proper Hamiltonian
T -manifold. Assume that M is centered about α ∈ T and that Φ−1({α}) consists of a
single fixed point p. Then M is equivariantly symplectomorphic to
{z ∈ Cn | α + pi
∑
|zj|ηj ∈ T },
where η1, . . . , ηn are the isotropy weights at p.
We quote the following example that demonstrates the idea of the Proposi-
tion 2.3.4 from [36]
Example 2.3.5. Consider a compact toric symplectic manifold M whose moment
map image is the closure of the following region in Figure 2.5.
The isotropy weights of the torus action are η1 and η2 and the lattice lengths
of edges starting from α are 5 and 2 (with respect to lattice of isotropy weights).
13
Figure 2.5: Example of an equivariant ball
The largest subset of M that is centered about α maps under the moment map
to the shaded region. The Proposition above tells us that it is equivariantly
symplectomorphic to
{z ∈ C2 | α + pi(|z1|2η1 + |z2|2η2) ∈ shaded region}.
If z ∈ B4(2) = {z ∈ C2 | pi(|z1|2 + |z2|2) < 2} then α + pi(|z1|2η1 + |z2|2η2) is in
the shaded region. Therefore the 4-dimensional ball B4(2) of capacity 2 embeds
into M and the Gromov width of M is at least the minimum of lattice lengths
of edges of the moment polytope, starting at α. Note also that the moment map
image of the embedded ball B4(2) is the triangle with vertices α, α + 2η1 and
α + 2η2.
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2.4 Theory of J-holomorphic curves and Gromov-Witten in-
variants
In this section we will give a brief review of J-holomorphic theory and Gromov-
Witten invariants. We show how J-holomorphic curves are used to compute
upper bounds for Gromov width of a symplectic manifold. Most of the materi-
als presented here is adapted from [7] and [32] .
Let (M2n, ω) be a 2n-dimensional symplectic manifold. An almost complex
structure J of (M,ω) is a smooth operator J : TM → TM such that J2 = −I
where I is the identity operator on TM . An almost complex structure J is said
to be integrable if it arises from an underlying complex structure on M . We say
that an almost complex structure J is compatible with ω if the formula
g(v, w) := w(v, Jw)
defines a Riemannian metric. We denote the space of ω-compatible almost com-
plex structures by J (M,ω).
Let (CP1, j) be the Riemann sphere with its standard complex structure j and
J ∈ J (M,ω). A map u : CP1 → M is called a J-holomorphic curve of genus
zero or simply a J-holomorphic curve if
J · du = du · j,
or equivalently if ∂¯J(u) = 0 where ∂¯J is the operator defined by
∂¯J(u) = (du+ J · du · j).
A J-holomorphic curve u : CP1 → M is said to be multiply covered if there
is J-holomorphic curve u′ : CP1 → M and a holomorphic branched covering
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φ : CP1 → CP1 of degree greater than one such that
u = u′ · φ.
It is simple if it is not multiply covered.
For a second holomogy class A ∈ H2(M ;Z), we define the moduli space of
simple J-holomorphic curves of degree A as
MA(M,J) = {u : CP1 →M : J · du = du · j, u∗[CP1] = A, u is simple}.
For a generic almost complex structure J the moduli spaceMA(M,J) is an
oriented smooth manifold of dimensional equal to
dimM + 2c1(TM)(A),
where c1 denotes the first Chern class of the bundle (TM, J) (see e.g. [32, Theo-
rem 3.1.5]).
LetM∗A,k(M,J) denote the set of equivalence classes, under the action of the
reparametrization group PSL(2,C) of simple J-holomorphic maps
u : (CP1, z1, . . . , zk)→M
of degree A with k marked distinct points zi ∈ CP1. For a generic J , the moduli
spaceM∗A,k(M,J) is a smooth oriented manifold of dimension equal to
dimM + 2c1(TM)(A) + 2k − 6.
An evaluation map
evkJ = (ev1, . . . , evk) :M∗A,k(M,J)→Mk
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is defined by
evkJ(u, z1, . . . , zk) = (u(z1), . . . , u(zk)).
The moduli spaceM∗A,k(M,J) is usually not compact but it can be compactified
by adding stable maps. A stable J-holomorphic map with k marked distinct
points
u : (C, z1, . . . , zk)→M
is a tree C =
⋃
uα of J-holomorphic maps uα : CP1 → M with at worst nodal
singularities such that if a component uα : CP1 → M is constant the number
of marked and singular points that it contains is greater or equal to three. This
implies that the automorphism group of u is finite. The degree of u is defined as
deg u =
∑
α
deg uα ∈ H2(M ;Z).
For A ∈ H2(M ;Z), we denote byMA,k(M,J) the compactified moduli space
of J-holomorphic stable maps of degree A with k marked points. The mod-
uli space MA,k(M,J) carries a virtual fundamental class [MA,k(M,J)]virt ∈
H∗(MA,k(M,J),Q) that is used for defining the Gromov-Witten invariants
[24, 37].
Theorem 2.4.1. For a generic almost complex structure J the moduli space
MA,k(M,J) carries a homology class [MA,k(M,J)]virt ∈ H∗(MA,k(M,J);Q).
The pushforward of [MA,k(M,J)]virt under evkJ : MA,k(M,J) → Mk defines a
homology class
GWA,k(M) ∈ Hdim(Mk;Q)
in dimension
dimMA,k(M,J) = dimM + 2c1(TM)(A) + 2k − 6.
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The class GWA,k(M) is invariant under smooth deformation of (ω, J) through compat-
ible structures and it is called the Gromov-Witten cycle of (M,ω).
For α1, . . . , αk ∈ H∗(M), the Gromov-Witten invariant is defined as
GWA,k(α1, . . . , αk) := 〈α1×. . .×αk, GWA,k(M)〉 =
∫
[MA,k(M,J)]virt
ev∗k α1∪. . .∪ ev∗k αk.
If we fix geometric representative Ai ⊂ M for the Pointcare´ duals of each
cohomology class αi and assume that
dimMA,k(M,J) = dimM + 2c1(TM)(A) + 2k − 6 =
∑
i
degαi.
For a generic almost complex structure J , the Gromov-Witten invariant
GWA,k(α1, . . . , αk) can be interpreted, with appropriate sign, as the number
of J-holomorphic perturbed maps of degree A with k marked points u :
(CP1, z1, . . . , zk)→M such that u(zi) ∈ Ai, i = 1, . . . , k.
The following statement shows the relationship between J-holomorphic
curves and the Gromov width of symplectic manifolds:
Theorem 2.4.2. [7, Theorem 2.2.1] Let (M2n, ω) be a compact symplectic manifold,
and A ∈ H2(M ;Z) \ {0} a second homology class. Suppose that for a dense subset of
smooth ω-compatible almost complex structures, the evaluation map
ev1J :M∗A,1(M,J)→M
is onto. Then for any symplectic embedding B2n(r) ↪→M , we have
pir2 ≤ ω(A),
where ω(A) denotes the symplectic area of A. In particular,
Gwidth(M,ω) ≤ ω(A).
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According to Theorem 2.4.2, in order to find an upper bound for the Gromov
width of a symplectic manifold (M,ω), we want to prove that for generic almost
complex structure J ∈ J (M,ω), the evaluation map:
ev1J :M∗A,1(M,J)→M
is onto. One way to show ontoness of the evaluation is for example by prov-
ing that a Gromov-Witten invariant with one of its constraints being a point is
different from zero.
To ensure that the moduli spaceM∗A,1(M,J) is a smooth manifold, it suffices
to find a regular almost complex structure J because being regular is a generic
property of J . We quote the construction from [32]. To define regularity, we
start with the moduli spaceM∗(A, J) of equivalence classes of J-holomorphic
curves.
The moduli spaceM∗(A, J) can be interpreted as the zero set of a section of
an infinite dimensional vector bundle as follows. Let B ⊂ C∞(CP1,M) denote
the space of all smooth maps u : CP1 → M that represent the homology class
A ∈ H2(M ;Z). This space can be thought of as an infinite dimensional manifold
whose tangent space at u ∈ B is the space
TuB = Ω0(CP1, u∗TM)
of smooth vector fields ξ(z) ∈ Tu(z)M along u. Consider the infinite dimensioal
vector bundle E → B whose fiber at u is the space
Eu = Ω0,1(CP1, u∗TM)
of smooth J-antilinear 1-forms onCP1 with values in u∗TM . Then the antilinear
part of du defines a section S : B → E of this vector bundle:
S(u) := (u, ∂¯J(u)).
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The moduli space M∗(A, J) is the zero set of this section. For every u ∈
M∗(A, J), we denote by
Du := DJ,u := DS(u) : Ω0(CP1, u∗TM)→ Ω0,1(CP1, u∗TM)
the composition of differential dS(u) : TuB → T(u,0)E with the projection
piu : T(u,0)E = TuB ⊕ Eu → Eu.
When the operator Du is onto, S is traverse to the zero section. Hence, the mod-
uli spacesM∗(A, J) are smooth finite dimensional manifolds with appropriate
dimensions as in Theorem 2.4.1.
2.5 Computation of first Chern numbers using localization
Suppose that a 2n-dimensional manifold (M,ω) equipped with an almost com-
plex structure J and J can be thought of as multiplication by i. Thus, it makes
the tangent bundle TM of M into a complex vector bundle of dimension n. The
form ω is said to tame J if
ω(v, Jv) > 0
for all nonzero v ∈ TM . Different choices of J in the set Jτ (M,ω) of almost
complex structures tamed by ω give rise to isomorphic complex vector bundle
(TM, J). Thus the Chern classes of these bundles are independent of the choice
of J and will be denoted by ci(TM) [32, section 1.1]. For the rest of the thesis,
we shall only use the first Chern class, and what will be relevant is the value
c1(A) := 〈c1(TM), A〉
which takes on a homology class A ∈ H2(M).
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If A is represented by a smooth map u : CP1 → M then c1(A) = c1(E) is
the first Chern number of the pullback tangent bundle E := u∗TM . But every
complex bundle E over CP1 decomposes as a sum of complex line bundles E =
L1 ⊕ . . .⊕ Ln. Correspondingly
c1(E) =
∑
i
c1(Li).
Since the first Chern number of a complex line bundle is the same as its Euler
number, we can calculate the c1(L1) directly.
Example 2.5.1. If A is the class of the sphere S = pt× S2 in M = V × S2 then
TM |S = TS ⊕ L2 ⊕ . . .⊕ Ln,
where the line bundles Lk are trivial. It follows that
c1(A) = c1(TM |S) = c1(TS) = χ(S) = 2
where χ(S) is the Euler characteristic of S.
The following lemma provides a criterion to determine whether or not a J-
holomorphic curve is regular as described in the section above.
Lemma 2.5.2 ([32], Lemma 3.3.1). Let M be a compact, closed and connected sym-
plectic manifold and J be an almost complex structure on M . Assume J is integrable
and let u : CP1 → M be a J-holomorphic sphere. If every summand of u∗TM has
Chern number c1 ≥ −1, then Du is onto.
An almost complex structure J is regular for a homology classA ∈ H2(M ;Z)
if A has a J-holomorphic representative u : CP1 → M such that Du is onto. We
know that TM |u(CP1) splits as a sum of line bundles Li and for each summand
Li in the sum, by naturality of Chern classes,
u∗(c1(Li)) = c1(u∗(Li)).
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So we have
c1(u
∗(Li))[CP1] = c1(Li)[u(CP1)] = c1(L)[A].
Suppose that a compact Lie group G acts on a compact, closed, connected
and oriented manifold M . Let EG → BG denote the classifying bundle for G.
The equivariant cohomology ring
H∗G(M ;R) := H
∗(M ×G EG;R),
with coefficients in a ring R, encodes topological information about the mani-
fold and the action.
When given a Hamiltonian action on a symplectic manifold, a variety of
techniques has made computation ofH∗G(M ;R) tractable. The work of Goresky-
Kottwitz-MacPherson [11] describes this ring combinatorially whenG is a torus,
R a field and the action has a specific form. A theorem of Kirwan [23] states that
the inclusion of the fixed points induces an injective map in equivariant coho-
mology. When M is equipped with a Hamiltonian action of a compact torus T,
the localization theorem relates the integral, or push-forward to a point, of an
equivariant cohomology class on the whole manifold M to the sum of integrals
of the class over each component of the fixed point set, corrected with an equiv-
ariant characteristic class of the normal bundle to the fixed point component.
Let pi : M → pt be a constant map from M to a point, and piF : F → pt the
same for a connected component of the fixed set MT . The normal bundle to a
component F of the fixed point set MT , denoted as ν(F ⊂M) is an equivariant
vector bundle which can be associated with equivariant characteristic classes
[13, Appendix C]. The equivariant characteristic classes live in the equivariant
cohomology of the base space. The bundle ν(F ⊂ M) is a subbundle of the
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tangent bundle to M , restricted to F ; that is
ν(F ⊂M) ⊂ TM |F .
Now we introduce the push-forward version of the localization.
Theorem 2.5.3 (ABBV Localization, [2, 3]). Suppose a compact torus T acts on a
compact manifold M . Then for any class u ∈ H∗T (M ;C),
pi∗(u) =
∑
F⊆MT
piF∗
(
u|F
eT (ν(F ⊆M))
)
, (2.2)
where the sum on the right-hand side is taken over all connected components F of the
fixed point set MT , and u|F is the restriction of u to F .
The formula 2.2 simplifies greatly in the case MT consists of isolated fixed
points. In this case, the normal bundle ν(F ⊆M) is just the tangent space to the
fixed point:
ν(F ⊆M)) = TM |F = TFM,
and the equivariant Euler class is the product of the isotropy weights for the
T -action on this tangent space TFM . In this case of push-forward to a point, we
may think of pi∗ as an equivariant integral, using the Cartan model of differential
forms. The next example demonstrates how we compute the first Chern number
of a spherical homology class in H2(M,R).
Example 2.5.4. We revisit the 2-dimensional complex projective plane
(CP2, ωFS) equipped with the T2-action described in Example 2.1. Let S de-
note the 2-sphere whose moment image corresponding to the edge connecting
(0, 0) and (1
2
, 0). Then S has the form:
S = {[z0 : z1 : z2] ∈ CP2 | z2 = 0}.
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LetA denote the second homology class corresponding to S. We apply Theorem
2.5.3 to compute the first Chern number c1(A) = 〈c1(TCP2), A〉.
To do so, we consider the equivariant first Chern class cT21 (TCP
2) ∈
H∗T2(M ;C) and pi∗(c
T2
1 (TCP
2)) =
∫
S
cT
2
1 (TCP
2). By naturality of equivariant co-
homology, we also have that
c1(A) =
∫
S
cT
2
1 (TCP
2).
By Theorem 2.5.3,
c1(A) =
∑
F⊆MT
piF∗
(
u|F
eT (ν(F ⊆M))
)
.
Let p and q be elements of CP2 corresponding to fixed points (0, 0) and (1
2
, 0),
respectively. The isotropy weights at (0, 0) are x and y, and the isotropy weights
at (1
2
, 0) are −x and −x + y as shown in Figure 2.6. Here S contains two fixed
points so we have a sum of two terms, each term corresponds to a fixed point.
Since the equivariant Euler characteristic class is the product of isotropy weights
along the tangent space of S2 at the fixed points while the first equivariant
Chern class is the sum of isotropy weights at the fixed points. Then at (0, 0),
eT2(TpCP2) = x and cT
2
1 (TpCP
2) = x+ y while at (1
2
, 0) we have eT2(TqCP2) = −x
and cT21 (TqCP
2) = −2x+ y. Thus, we have that
c1(A) =
x+ y
x
+
−2x+ y
−x =
3x
x
= 3.
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Figure 2.6: Moment polytope of CP2 with labeled isotropy weights
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CHAPTER 3
FOUR DIMENSIONAL TORIC SYMPLECTIC MANIFOLDS
3.1 Introduction
In this chapter, we suppose that M is a compact, closed and connected 4-
dimensional toric symplectic manifold equipped with an effective Hamiltonian
2-torus T2. We consider a circle subgroup S1 of T2 such that the symplectic cut
by the circle subgroup at a regular value will give two smooth toric symplectic
manifolds. We call this operation a smooth cutting. Under a smooth cutting,
the moment image of the resulting manifold is also obtained from the moment
image of the original manifold by the hyperplane defined by the weight of the
circle subgroup. We demonstrate this phenomenon in the next example.
Example 3.1.1. Consider the symplectic manifoldM = S2×S2 with the standard
symplectic form ω ⊕ ω where ω is the standard symplectic form on S2. The
standard torus T = S1 × S1 acts on M by the standard action of S1 on S2. This
action comes with a moment map whose moment image is a square as in Figure
3.1 below. The diagonal circle
D = {(a, a) ∈ T | a ∈ S1}
acts Hamiltonianly on M and we can apply symplectic cutting by this circle
action. See the image of the resulting moment polytope in the Figure 4.1 below.
In this chapter, we primarily investigate the question whether or not the Gro-
mov width of the resulting symplectic manifold is at most the Gromov width
of the orginal four-dimensional toric symplectic manifold. With that being said,
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Figure 3.1: The shaded square on the left is the moment polytope of M =
S2 × S2 and the moment polytopes of symplectic cuts of M are
sliced by the diagonal line.
we will begin to explore the concept of toric domains whose moment polytope
is highly related to the moment polytope of our manifold of interest.
Definition 3.1.2. A toric domain MΩ is the preimage of a closed region Ω ⊂ R2
in the first quadrant under the map µ : C2 → R2 where µ(z1, z2) = (pi|z1|2, pi|z2|2).
Example 3.1.3. We have the following two examples:
i) An ellipsoid
E(a, b) =
{
(z1, z2) ∈ C2 | pi|z1|
2
a
+
pi|z2|2
b
≤ 1
}
is a toric domain whose moment polytope is a right triangle with legs on
the axes.
ii) A polydisk is toric domain whose moment polytope is a rectangle with
two sides on the axes.
Definition 3.1.4. A convex (concave) toric domain is a toric domain XΩ where
Ω is a closed region in the first quadrant bounded by the axes and a convex
(concave) curve from (a, 0) to (b, 0) for a and b positive real numbers.
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Figure 3.2: Examples of concave and convex domains.
Figure 3.3: The inductive decomposition of a convex toric domain.
Example 3.1.5. Ellipsoids are both concave and convex toric domains because
their moment polytopes are triangles.
We now quote the decomposition of the weight sequence of a convex toric
domain from Cristofaro-Gardiner [8]. We suggest to consult Figure 3.3 closely
as we describe the decomposition. If Ω is a triangle with vertices (0, 0), (0, b) and
(b, 0) then the weight sequence of Ω is (b). Otherwise, let b > 0 be the smallest
real number such that Ω is contained in the triangle with vertices (0, 0), (0, b) and
(b, 0). Call this triangle Ω1. The line x + y = b intersects the upper boundary of
Ω in a line segment from (x1, b − x1) to (x2, b − x2) with x1 ≤ x2. Let Ω′2 denote
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the closure of the portion of Ω1 \ Ω that is to the left of x1 and below the line
x + y = b, and let Ω′3 denote the closure of the portion of Ω1 \ Ω that is below
b− x2 and below the line x+ y = b.
The key point is now that Ω′2 and Ω′3 are both affine equivalent to concave
toric domains. We then define
ω(Ω1) = (b;ω(Ω
′
2) ∪ ω(Ω′3)).
Thus, the weight sequence for a convex toric domain consists of a number, and
then a sequence of numbers. We call the first number in this sequence the head,
and we call the other numbers the negative weight sequence.
3.2 Embedded contact homology capacities
In this section, we briefly review embedded contact homology (ECH) capacities.
Hutchings developed ECH capacities which is used to provide obstructions to
the symplectic embedding of a ball into four-dimensional symplectic manifolds
[18]. This technique is crucial in determining the upper bound of the Gromov
width of a symplectic 4-dimensional manifold.
Definition 3.2.1. Let (M,ω) be a symplectic four-manifold, possibly with
boundary or corners, non-compact, and/or disconnect. Its ECH capacities are a
sequence of real numbers
0 = c0(M,ω) ≤ c1(M,ω) ≤ c2(M,ω) ≤ . . . ≤ ∞
satisfies the following properties:
(Monotonicity) If there exists a symplectic embedding (M,ω) → (M ′, ω′), then
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ck(M,ω) ≤ ck(M ′, ω′) for all k.
(Conformality) If r > 0, then
ck(M, rω) = rck(M,ω).
(Disjoint union)
ck
( n⊔
i=1
(Mi, ωi)
)
= max
k1+...+kn=k
n∑
i=1
cki(Mi, ωi).
(Ellipsoid) If a, b > 0, ck(E(a, b)) = N(a, b)k, where N(a, b) defines as follows:
define (a, b)k to be the kth smallest entry int he array (am + bn)m,n∈N, counted
with repetitions. Denote the sequence ((a, b)k+1)k≥0 by N(a, b).
For example, N(1, 2) = (0, 1, 2, 2, 3, 3, 4, 4, 4, 5, 5, 5, . . .). McDuff [31] shows
that there exists a symplectic embedding of int(E(a, b)) → E(c, d) if and only
if N(a, b)k ≤ N(c, d)k for all k where int(E(a, b)) denotes the interior of E(a, b).
The following theorem [8, Theorem A.1] is used in the proof of the Proposition
3.3.2. To state the formula, recall the ”sequence subtraction” operation; given
two sequences S and T we have
(S− T )k = min
`≥0
(Sk+` − T`).
Theorem 3.2.2. Let MΩ be a convex toric domain, let b be the head of the weight ex-
pansion for MΩ, and let bi be the ith term in the negative weight expansion for MΩ.
Then
cECH(MΩ) = cECH(B(b))− cECH(unionsqiB(bi)).
There is a standard symplectic form ω on CP2 such that 〈L, ω〉 = 1, where
L denotes the homology class of a line. With this symplectic form, vol(CP2) =
1/2, and there exists a symplectic embedding of the interior of B(1), denoted
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as int(B(1)), into CP2. A symplectic form ω on Mk whose cohomology class is
given by
PD[ω] = L−
m∑
i=1
aiEi, (3.1)
where Ei denotes the homology class of the ith exceptional divisor, and PD de-
notes Poincare´ duality. The canonical class for this symplectic form (namely - c1
of the tangent bundle as defined using an ω-compatible almost complex struc-
ture) is given by
PD(K) = −3L+
m∑
i=1
Ei. (3.2)
The next proposition is a crucial result regarding to k-fold blowups of CP2.
Proposition 3.2.3 ([28, Proposition 6]). Let a1, . . . , am > 0. The following are
equivalent:
(a) There exists a symplectic embedding
m⊔
i=1
B(ai)→ int(B(1)).
(b) There exists a symplectic form ω on Mk satisfying (3.1) and (3.2).
3.3 Gromov width of four dimensional toric symplectic mani-
folds
Now we turn our attention to the main result of this chapter. We show that the
Gromov width of any smooth cut of a four dimensional toric manifold is at most
the Gromov width of the original manifold. We compare the ECH capacities of
the orginal manifold with the ECH capacities of resulting cut via their moment
polytopes and the associated moment polytopes.
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Definition 3.3.1. LetM be a 4-dimensional toric symplectic manifold with a mo-
ment polytope Ω. A convex toric domainMΩ associated withM is the preimage
of Ω under the moment map φ : Cn → R2 where φ(z1, z2) = (pi|z1|2, pi|z2|2).
Proposition 3.3.2. Let M be a 4-dimensional toric symplectic manifold and MΩ be a
convex toric domain associated with M . Then there exists a ball of radius a embedded
into M if and only if there exists a ball of radius a embedded into MΩ.
Proof. If B(a) embeds into MΩ, then B(a) embeds into M because M contains
MΩ as an open dense subset. Thus, if there exists a ball of capacity a embedded
in MΩ then there exists a ball of capacity a embedded in M .
To complete the proof, suppose that B(a) is the largest ball that could be
embedded into MΩ and suppose that B(a+ c) embeds into M . We want to show
that c = 0. Since B(a + c) is a ball in M , we can blow up this ball to obtain a
blow-up of M , called M ′. By Proposition 3.2.3, this blow-up is equivalent to a
ball packing of open balls. Namely, B(a+ c) ∪ (⊔iB(bi)) ↪→ B(b) where b is the
capacity of M . This implies that ck(B(a+ c) ≤ ck(B(b))− ck(unionsqB(bi)) for all k. By
Theorem 3.2.2, ck(MΩ) = ck(B(b))− ck(unionsqB(bi)), ∀k. From this, we can conclude
that ck(B(a + c)) ≤ ck(MΩ) . Then by monotonicity, B(a + c) ↪→ MΩ but B(a) is
the largest ball could be embedded into MΩ so this implies c = 0.
Theorem 3.3.3. LetM be a 4-dimensional toric symplectic manifold and M˜ be a smooth
cut of M . Then
Gwidth(M˜) ≤ Gwidth(M).
Proof. Let MΩ be the convex toric domain associated with M and M˜Ω˜ be the
convex toric domain associated with M˜ so that Ω˜ ⊂ Ω. This implies that M˜Ω˜ ⊂
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MΩ. Let  > 0 and Gwidth(M˜) = pia2. Then B(a − ) embeds into M˜ . By
Proposition 3.3.2, B(a− ) embeds into M˜Ω˜, which implies that B(a− ) embeds
into MΩ because M˜Ω˜ ⊂ MΩ. Again by Proposition 3.3.2, B(a − ) embeds into
M . Since  is arbitrary,
Gwidth(M˜) = pia2 ≤ Gwidth(M).
We discuss an application of our main result to k-fold blow-ups of a four
dimensional toric manifold. A blow up of a manifold is a special case of a
symplectic cut and it is defined in Remark 2.1.2. The following theorem is a
well-known classification of four-dimensional toric manifolds.
Theorem 3.3.4. [35, Theorem 1.28] Any four-dimensional toric manifold is obtained
by blowing up CP2 or S2 × S2 finitely many times.
Symplectic k-fold blow-ups ofCP2 has been studied extensively by Karshon,
Kessler and Pinsonnault [19, 20, 21]. LetM be a four dimensional toric manifold.
By Theorem 3.3.4, M is k-fold blow-ups of either CP2 or S2 × S2. We denote Mi
the manifold obtained by each blow up where M1 is either CP2 or S2 × S2 and
Mk = M . Then by Theorem 3.3.3, we have the following inequalities:
Gwidth(M1) ≥ Gwidth(M2) ≥ . . . ≥ Gwidth(Mk).
Our main theorem ensures that there is a monotonicity property of the Gromov
width that k-fold blow-ups must obey.
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CHAPTER 4
GRASSMANNIAN MANIFOLDS
4.1 Introduction
In this chapter we compute the Gromov width of symplectic cuts of the com-
plex Grassmannian manifold GrC(k, n) by a circle weight. The result provides
evidence that the Gromov width of a symplectic cut of a Grassmannian mani-
fold is at most the Gromov width of the original manifold.
This chapter is organized as follows: in the second section, we review back-
ground information on the Grassmannian manifold GrC(k, n) of k-planes in Cn
and describe the moment polytope of the action of a maximal torus of U(n) on
GrC(k, n). In the third section, we describe the slices of the moment polytope.
In the fourth section, we classify smooth cuts on GrC(k, n). In the fifth section,
we compute a lower bound and an upper bound for the Gromov width of sym-
plectic cuts of GrC(k, n) by circle weights. As the bounds agree, this determines
the Gromov width of the cuts.
4.2 Background on Grassmannian
We let M denote the Grassmannian GrC(k, n) of complex k-planes in Cn. This
manifold is a homogenous space: it has a transitive action of U(n). It is also
a coadjoint orbit of U(n). Coadjoint orbits of U(n) can be identified with a set
of isospectral Hermitian matrices Hλ. For the Grassmannian, we may choose k
eigenvalues to be equal to
−1
k
and the remaining (n−k) eigenvalues to be equal
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to
1
n− k . The sum of all eigenvalues equals to 0. For the rest of the chapter, we
will identify
GrC(k, n) ∼= Hλ where λ =
(−1
k
, . . . ,
−1
k
,
1
n− k , . . . ,
1
n− k
)
and the explicit identification is described in section 4.3. Kostant, Kirillov, and
Souriau proved that coadjoint orbits of compact, connected Lie groups may be
equipped with a natural symplectic form. The coadjoint action is Hamiltonian
with moment map the inclusion of Hλ ∼= GrC(k, n) ↪→ u(n)∗. A choice of maxi-
mal torus T ↪→ U(n) induces a map on the duals of the Lie algebras u(n)∗ → t∗.
The coadjoint action of T on M has moment map the composition
µ : M ∼= Hλ → u(n)∗ → t∗.
We also identify t∗ with Rn. The identifications above make µ(A) =
diag(A) = (a11, . . . , ann) the diagonal entries of the matrix A ∈ Hλ. The
Atiyah/Guillmeimin-Sternberg convexity Theorem ([1], [14]) guarantees that
µ(M) is a convex polytope.
Writing Hi for the diagonal matrix Ei,i with a single 1 in the (i, i) position
and 0’s elsewhere, we have the Cartan subalgebra h of su(n)
h = {a1H1 + a2H2 + . . .+ anHn | a1 + a2 + . . .+ an = 0}.
Note that Hi is not in h. We can correspondingly write
h∗ = C{L1, L2, . . . , Ln}/(L1 + L2 + . . .+ Ln = 0)
whereLi(Hj) = δi,j . We often writeLi for the image ofLi in h∗ and callLi a circle
weight. The image of the moment polytope µ(M) lies in h∗. The circle weights
L1, L2, . . . , Ln can be realized as the lattice generated by the vertices of a regular
(n− 1)-simplex ∆ centered at the origin. By this assignment, each vertex of the
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moment polytope µ(Hλ) is a sum of k elements from the set {L1, . . . , Ln} (see
[10], Section 15.2 for more details). Note that the number of vertices of µ(Hλ) is(
n
k
)
and the degree of each vertex is k(n− k).
Example 4.2.1. Figure 4.1 shows a moment polytope ∆ of the Grassmannian
Gr(2, 4) of 2-planes in C4 under the action of the standard maximal torus. The
circle weights L1, L2, L3, and L4 are vertices of a regular 3-simplex centered at
the origin in R3 and the vertices of ∆ are labeled L1 + L2, L1 + L3, L1 + L4, L2 +
L3, L2 + L4, and L3 + L4 in the figure.
Figure 4.1: Moment polytope of GrC(2, 4) with labeled weights
The circle weight Li defines an inclusion i : S1 ↪→ T by i(θ) = (θ, 1, . . . , 1) for
all θ ∈ S1. This inclusion defines a Hamiltonian circle action on M and induces
a momentum map f : Hλ → R by f(A) = aii for all A ∈ Hλ. The image of
f is the closed interval
[
−1
k
,
1
n− k
]
. For any 0 <  <
n
k(n− k) , a symplectic
cut at the regular value
1
n− k −  gives us two symplectic cuts M(−∞, 1n−k−] and
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M[ 1n−k−,∞)
. These two spaces are symplectic manifolds because the circle action
is free at the regular value
1
n− k − . This fact is proved in Proposition 4.5.1.
It is known that dimension of H2(M ;Z) is 1. Let A ∈ H2(M ;Z) be a gener-
ator. The pre-image of any edge in the moment polytope under µ is a sphere
that represents the second homology class A. Karshon and Tolman proved that
the Gromov width of Grassmannian Gr(k, n) is ω(A) [22, Theorem 1]. In order
to prove the lower bound, they construct an explicit symplectic embedding of
an equivariant ball of capacity ω(A) centered at a fixed point. Whether or not
these equivariant balls survive the symplectic cutting procedure depends on
the choices made when making the cut. In order to study the Gromov width of
symplectic cuts of the Grassmannian manifolds, we classify symplectic cutting
into two types: pervasive and non-pervasive.
Definition 4.2.2. Let (M,ω) be a 2n-dimensional symplectic manifold. A sym-
plectic cut is called pervasive if for every vertex p in the moment polytope ∆ of
M , there is an edge of p incident to the slice. Otherwise, we call the symplectic
cut non-pervasive.
Our goal is to find obstructions to the symplectic embedding of a ball of a
certain capacity into M . We utilize the theory of J-holomorphic curves, so we
first classify the J-holomorphic curves in the class A.
Let (ωλ, J) be the Ka¨hler structure of Hλ ∼= Gr(k, n) where ωλ is the pull
back of Kirillov-Kostant-Souriau form defined on the coadjoint orbit GrC(k, n)
of u(n)∗ via the identification
Hλ ∼= GrC(k, n).
The complex structure J is coming from the presentation of Hλ as a quotient of
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complex Lie groups Sl(n,C)/P , where P ⊂ Sl(n,C) is a parabolic subgroup of
block upper triangular matrices. Let
MA(M,J) = {u : CP1 →M | u is J-holomorphic and u∗[CP1] = A}
be the moduli space of J-holomorphic curves of class A defined on M . The el-
ements of this moduli space are called holomorphic lines in the class A of the
Grassmannian manifold M .
For a holomorphic curve u : CP1 → M in the class A, we define the kernel
of u as the intersection of all the k-dimensional subspaces V ⊂ Cn that are in the
image of u. Likewise, the span of u is the linear span of these subspaces. That is
ker(u) =
⋂
V ∈u(CP1)
V and span(u) =
∑
V ∈u(CP1)
V.
The kernel and span of u are of dimension k − 1 and k + 1 [4, Lemma 1],
respectively; and they determine the holomorphic line up to parametrization. In
other words, if there is a holomorphic line v : CP1 →M such that ker(u) = ker(v)
and span(u) = span(v), then there exists (g : CP1 → CP1) ∈ PSL(2;C) such that
v = u ◦ g. Moreover, we have u(CP1) = {V k ∈M | ker(u) ⊂ V k ⊂ span(u)} ⊂M
[4, section 2.1].
Thus we may identify MA(M,J)/PSL(2;C) ' Fl(k − 1, k + 1;n), where
Fl(k − 1, k + 1;n) denotes the partial flag manifold of nested complex subspace
sequences
V k−1 ⊂ V k+1 ⊂ Cn,
a (k − 1)-dimensional subspace contained in a (k + 1)-dimensional one. For
example with k = 2, n = 4, and fixing V = (V 1, V 3) ∈ Fl(1, 3; 4), we will denote
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by uV the (unparametrized) holomorphic line
CP1 ' {V 2 ∈M : V 1 ⊂ V 2 ⊂ V 3} ⊂M.
4.3 Slices of the moment polytope
For a slice S of the moment polytope, we want to describe explicitly µ−1(S) as
a submanifold of M . Note that M is a partial flag manifold Fl(k;n) with flag
V = (V k ⊂ Cn). For λ =
(
−1
k
, . . . ,−1
k
,
1
n− k , . . . ,
1
n− k
)
, we can form the
Hermitian operator
Aλ(V ) =
1
n− k · P +
(
−1
k
)
(I − P )
where I is the identity map from Cn to itself and P is the orthogonal projection
of Cn onto V . The correspondence V → Aλ(V ) defines a Sl(n,C)-equivariant
biholomorphism between M and Hλ, see [7, section 4.1].
Let {e1, . . . , en} be the standard orthonormal basis for Cn equipped with the
standard Hermitian inner product. Let V be a k-plane in Cn, we may write
V = span(v1, . . . , vk)
where vj =
∑n
i=1 vjiei for j = 1 . . . k are an orthonormal basis for V . In coordi-
nates, this means
∑n
i=1 vjiv`i = 0 for j 6= `,
∑n
i=1 |vji|2 = 1 for all j.
With respect to the standard basis of Cn, we can compute the matrix repre-
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sentation of the projection map P : C4 → V . The matrix P has the form
P =

k∑
i=1
vi1vi1
k∑
i=1
vi1vi2 . . .
∑k
i=1 vi1vin
k∑
i=1
vi2vi1
k∑
i=1
vi2vi2 . . .
k∑
i=1
vi2vin
...
... . . .
...
k∑
i=1
vinvi1
k∑
i=1
vinvi2 . . .
k∑
i=1
vinvin

With α =
n
k(n− k) and β =
1
k
, the matrix Aλ(V ) =
1
n− k · P +
(
−1
k
)
(I − P )
has the form
Aλ(V ) =

α
(
k∑
i=1
|vi1|2
)
− β . . . . . . . . .
. . . α
(
k∑
i=2
|vi2|2
)
− β . . . . . .
...
... . . .
...
. . . . . . . . . α
(
k∑
i=1
|vin|2
)
− β

(4.1)
Thus, Aλ(V ) is the Hermitian matrix that corresponds to k-plane V in Cn.
Example 4.3.1. Consider the k-plane V = span(e1, . . . , ek). With v11 = v22 =
. . . = vkk = 1 and vij = 0 for i 6= j, the corresponding Hermitian matrix of this
plane V is a diagonal matrix A with aii = 1 if i ≤ k and 0 if i > k.
Consider the regular value
1
n− k − . The set of Hermitian matrices with
moment image
1
n− k −  is A = (aij) ∈ Hλ such that a11 =
1
n− k − . By
equation (4.1),
1
n− k −  =
n
k(n− k)
( k∑
i=1
|vi1|2
)
− 1
k
.
This implies that
k∑
i=1
|vi1|2 = 1− k(n− k)
n
.
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Thus,
f−1(1− ) =
{
span(v1, . . . , vk) |
n∑
i=1
|vji|2 = 1,
n∑
i=1
vjiv`i = 0,
k∑
i=1
|vi1|2 = 1− k(n− k)
n
}
(4.2)
Note that
1
n− k and −
1
k
again are not regular values of f .
4.4 Smooth cuts on complex Grassmannians
Generically the resulting cut spaces of a symplectic cut are orbifolds. A smooth
cut is a symplectic cut for which the resulted cut spaces are symplectic mani-
folds.
Definition 4.4.1. Let F be an `-dimensional face of the moment polytope of
Gr(k, n) with vertices v1, . . . , vm. The sum v1+. . .+vm is called the center weight
of F .
We first classify some smooth cuts on a complex Grassmannian.
Proposition 4.4.2. In Gr(k, n), symplectic cuts by the center weight of an
`−dimensional simplex face of the polytope are smooth cuts.
Proof. Each `−dimensional simplex face of the polytope is the image of an `-
dimensional submanifold of Gr(k, n). A symplectic cut by the center weight of
an `-dimensional is equivalent to an equivariant blow-up along the correspond-
ing `-dimensional submanifold. Therefore, the cuts are smooth.
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The following proposition tells us when a cut by the center weight of an
`-dimensional face will be a pervasive cut.
Proposition 4.4.3. A smooth cut by the center weight of an `-dimensional face F of the
polytope µ(Gr(k, n)) is pervasive if and only if every vertex in the polytope is connected
to one of the vertices in F .
Proof. Let α be the Gromov width of Gr(k, n). Every fixed point inM has a max-
imal equivariant ball with capacity α centered about it. Each vertex corresponds
to a fixed point so there is a maximal equivariant ball at each vertex. If every
vertex in the polytope is connected to one of the vertices in F , then it has an
edge incident to the slice. Therefore such cuts must be pervasive.
On the other hand, if the cut is pervasive but there is a vertex that is not
connected to any vertices in F , then all edges of the vertex are not incident to
the slice. Hence the cut is non-pervasive which contradicts our hypothesis.
Example 4.4.4. An equivariant blow up at a point (see Figure 4.2) or of an edge
in Gr(2, 4) is pervasive by the previous proposition.
Proposition 4.4.5. If
(
n
k
)
< k(n − k) + ` + 2, then every smooth cut by the center
weight of an `-dimensional face F of the polytope µ(Gr(k, n)) is pervasive.
Proof. Suppose that
(
n
k
)
< k(n − k) + ` + 2. Recall that (n
k
)
is the number of
vertices of the moment polytope of M while k(n − k) + 1 is the number of ver-
tices contained in the closure of the image of an equivariant ball in the mo-
ment polytope. A smooth cut by the center weight of an `-dimensional face F
of the polytope µ(Gr(k, n)) will delete ` + 1 vertices from (n
k
)
original vertices.
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Figure 4.2: Moment polytope of GrC(2, 4) with a blow-up at the top vertex
Hence, the moment polytope of the resulting cut has
(
n
k
) − ` − 1 vertices. Since(
n
k
)
< k(n − k) + ` + 2, this implies (n
k
) − ` − 1 < k(n − k) + 1. This means the
total number of vertices in the resulted polytope is strictly less than the number
of vertices needed to construct an equivariant ball. This implies that every ver-
tex in the moment polytope has an edge incident to the slice. Hence, the cut is
pervasive.
4.5 Symplectic cuts by circle weight Li
In order to study Gromov width, we consider symplectic cut spaces that are
symplectic manifolds. Fortunately in the case of Grassmannian manifolds the
symplectic cuts by the circle weights Li at a regular value will produce two
smooth symplectic cut spaces.
Proposition 4.5.1. Symplectic cuts on M by the circle weight Li at a regular value are
smooth cuts.
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Proof. Without loss of generality, consider a cut by the circle weight L1 at a reg-
ular value
1
n− k −  for some  > 0. At a regular value, smoothness of the cut
fails only if there is a nontrivial stabilizer subgroup. Let D be the diagonal circle
subgroup
D = {(a, . . . , a) ∈ Tn | a ∈ S1}
where Tn = (S1)n is the standard torus. The standard torus Tn acting on Cn
induces an action of T = Tn/D on Grk(Cn). This can be identified with the
maximal torus in SU(n). Let StabTn(V ) denote the stabilizer subgroup of Tn of
V :
StabTn(V ) = {t ∈ Tn | t · V = V }.
Thus, it suffices to show that for any V ∈ f−1 ( 1
n−k − 
)
,
StabTn(V ) ∩ (S1 × {1} × . . . {1}) ⊂ D.
We will show that the stabilizer subgroup StabTn(V ) does not contain any ele-
ment of S1 × {1} × . . . {1} except for the identity. Let t ∈ S1 and represent V by
the matrix
A =

v11 v12 . . . v1n
...
... . . .
...
vk1 vk2 . . . vkn

as in (4.1). WLOG we assume vvv 6= 0. Under our identifications, we represent
t · V by the matrix
B =

tv11 v12 . . . v1n
...
... . . .
...
tvk1 vk2 . . . vkn

We apply elementary row operations to both A and B to obtain A′ and B′ (writ-
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ten in block matrix)
A′ =
v11 P
0 Q

and
B′ =
tv11 P
0 Q
 .
The only way for A′ and B′ to be row equivalent is if tv11 = v11, which only
happens when t = 1. Hence, StabTn(V ) does not contain any element of S1 ×
{1} × . . . {1} except for the identity. We conclude that
StabTn(V ) ∩ (S1 × {1} × . . . {1}) = {1} ⊂ D.
Proposition 4.5.2. Symplectic cuts on M by the circle weight Li at a regular value are
pervasive.
Proof. Let v be a vertex in the moment polytope ∆ of M . Without loss of gener-
ality, v is a sum of k weights Lj including Li. Let w be a vertex having the same
sum of k weight Lj but we replace Li by another Lm that is not already in the
weight sum for v. Then vertices v and w are connected by an edge and this edge
is incident to the slice defined by the cut. Since v is arbitrary, the symplectic cut
is pervasive.
Let M− := M(−∞, 1n−k−] and M+ := M[ 1n−k−,∞) be the manifolds obtained by
the symplectic cut by the circle of weight L1 at the regular value
1
n− k − . Let
A be a generator of H2(GrC(k, n);Z) and consider the set
S = {W ∈ GrC(k, n) | span(e1) ⊂ W ⊂ span(e1, e2, e3)}.
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S is the image of a J-holomorphic curve u : CP1 → M in the class A . We
denote A− ∈ H2(M−;Z) and A+ ∈ H2(M+;Z) the class of the J-holomorphic
curve obtained from u after the symplectic cut in M− and M+ respectively. For
example in the case of GrC(2, 4), the classes A, A−, and A+ are the classes of
J-holomorphic curves whose moment map images are shown in Figure 4.3 in
M− and M+. We will give a lower bound and an upper bound for the Gromov
width of M− that agree, which will verify that the Gromov width of M− is
ω(A−) =
n
k(n− k) − 
and confirms the monotonicity relation:
Gwidth(M−) ≤ Gwidth(M).
Similarly, the Gromov width of M+ is  and confirms the monotonicity relation:
Gwidth(M+) ≤ Gwidth(M).
Figure 4.3: Moment polytope of GrC(2, 4) with symplectic cut along L1
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4.5.1 Lower bound
Proposition 4.5.3. The Gromov width of M− is at least ω(A−). Similarly, the Gromov
width of M+ is at least ω(A+).
Proof. In the case of M−, by Proposition 2.3.4, we can embed an equivariant ball
B of capacity ω(A−) at any fixed point not on the slice. As in Figure 4.4, the
image of the equivariant ball B is the polytope in red color centered at the fixed
point P . In this case, ω(A−) =
n
k(n− k) − . By exhibiting such an embedding,
we have established Gwidth(M−) ≥ ω(A−). A similarly result holds for M+.
Figure 4.4: Image of an equivariant ball in red color in moment polytope
of M−
4.5.2 Upper bound
In this section we will show that the J0-holomorphic curves in the class of A−
and A+ provide an obstruction to symplectic embedding in M− and M+ respec-
tively, where J0 is the standard almost complex structure inherited fromM after
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the smooth cut. Many details in the proof for M− are similar to those for M+ but
not all. We will carefully describe results for both M− and M+. To apply the
theory of J-holomorphic curves, we first claim that J0 is integrable, i.e. it arises
from an underlying complex structure on M− and M+.
Lemma 4.5.4. The standard almost complex structure J0 on M− and M+ is integrable.
Proof. The symplectic cut M− was obtained from the symplectic quotient of
the product of two Ka¨hler manifolds M and C. Since the symplectic quotient
of Ka¨hler manifold is again Ka¨hler, M˜ is a Ka¨hler manifold [25, Remark 1.1].
Hence, the standard almost complex structure J0 on M− is integrable. A similar
result holds for M+.
Lemma 4.5.5. The first Chern number c1(A−) ofA− is k+1 and the first Chern number
c1(A+) of A+ is n− k + 1.
Before proving this lemma, we investigate all weights at a vertex in the mo-
ment polytope and weights at a new vertex after applying the cut. By the geom-
etry of the Grassmannians, all vertices are in either a triangular face or a square
face.
Configuration 1:
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Lj + Li1 + . . .+ Lik−1
L1 + Li1 + . . .+ Lik−1
L1 + Lj + Li2 + . . .+ Lik−1
Lj − Li1
Configuration 2:
Lj + Li1 + . . .+ Lik−1
L` + Li1 + . . .+ Lik−1
L1 + Li1 + . . .+ Lik−1
L` − Lj
Configuration 3:
Lj + Li1 + . . .+ Lik−1
Lj + L` + Li2 + . . .+ Lik−1
L1 + L` + Li2 + . . .+ Lik−1
L1 + Li1 + . . .+ Lik−1
L` − Li1
49
Type Weights Condition Number of edges
A ±(Lj − L1) + sign for M−, − sign for M+ 1
B Lj − Lis s = 1, . . . , k − 1 k − 1
C L` − Lj ` 6= 1, i1, . . . , ik−1, j n− k − 1
D L` − Lis ` 6= 1, i1, . . . , ik−1, j and s = 1, . . . , k − 1 (n− k − 1)(k − 1)
Table 4.1: Weights at v
Proof. (of Lemma 4.5.5) Let v1 = L1+Li1+. . .+Lik−1 and v2 = Lj+Li1+. . .+Lik−1 ,
for some j 6= is, be the two vertices on the moment polytope of M , connecting
the edge whose preimage is a holomorphic line representing the class A. Let
v be the new vertex on the edge between v1 and v2 after applying the smooth
cut. We list the weights at v in Table 4.1; they are the same in both M− and
M+, unless otherwise noted. The edges of type A are edges coming out of the
slice, the edges of type B are from Configuration 1, the edges of type C are from
Configuration 2, and the edges of type D are from Configuration 3. The total
number of edges is
1 + k − 1 + n− k − 1 + (n− k − 1)(k − 1) = n− 1 + nk − n− k2 + 1 = k(n− k)
which is the correct degree of vertex v.
For a fixed point p ∈ MT, the first Chern class cT1 |p is equal to the sum of the
T-weights at that fixed point. The T-weights precisely correspond to the edge
directions at the corresponding vertex in the moment polytope [13, Equation
(C.13)].
Case of M−: We consider corresponding edges of v and v2 in the moment poly-
tope of M−. By the localization formula due to Atiyah-Bott and Berline-Vergne
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weights at v weights at v2 Note Contri. Multiplicity
Lj − L1 L1 − Lj weights out of slice 2 1
Lj − Lis L1 − Lis s = 1, . . . , k − 1 1 k − 1
L` − Lj L` − Lj ` 6= 1, i1, . . . , ik−1, j 0 n− k − 1
L` − Lis L` − Lis ` 6= 1, i1, . . . , ik−1, j 0 (n− k − 1)(k − 1)
s = 1, . . . , k − 1
Table 4.2: Weight contribution of v and v2 to c1(A−) in M−
weights at v weights at v1 Note Contri. Multiplicity
L1 − Lj Lj − L1 weights out of slice 2 1
Lj − Lis Lj − Lis s = 1, . . . , k − 1 0 k − 1
L` − Lj L` − L1 ` 6= 1, i1, . . . , ik−1, j 1 n− k − 1
L` − Lis L` − Lis ` 6= 1, i1, . . . , ik−1, j 0 (n− k − 1)(k − 1)
s = 1, . . . , k − 1
Table 4.3: Weight contribution of v and v1 to c1(A+) in M+
([2],[3]), we can compute c1(A−) as follows:
c1(A−) =
∫
S2
cT1 =
weights at v
Lj − L1 +
weights at v2
L1 − Lj .
We list the edges of v and v2 in Table 4.2 below along with its contribution to
c1(A−).
By Table 4.2, c1(A−) = 2 + k − 1 = k + 1.
Case of M+: We consider corresponding edges of v and v1 in the moment poly-
tope of M+. Due to ABBV localization ([2],[3]), we have
c1(A+) =
∫
S2
cT1 =
weights at v
L1 − Lj +
weights at v1
Lj − L1 .
We list the edges of v and v1 in Table 4.3 below along with its contribution to
c1(A+). By Table 4.3, c1(A+) = 2 + n− k − 1 = n− k + 1.
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Lemma 4.5.6. The standard almost complex structure J0 is regular for class A− ∈
H2(M−;Z) and A+ ∈ H2(M+;Z)
Proof. To show that J0 is regular for the class A−, it suffices to pick a represen-
tative u of A− such that Du is onto. We pick the representative u : CP1 → M−
of A− that is the simple curve whose moment map image is the edge connect-
ing v and v2 as in the previous lemma. In this case, the splitting of TM−|u(CP1)
into line bundles is equivariant. Each pair of corresponding edges between v
and v2 form a plane and the restriction of this plane to the curve is an equivari-
ant line bundle [15, page 288]. From the calculations of the first Chern number
c1(A−), every equivariant line bundle in u∗(TM−) has Chern number at least 0.
Therefore by Lemma 2.5.2 u is regular and it follows that J0 is regular for A−.
Similarly, J0 is regular for A+ using v and v1 in the previous lemma.
Next we compute the first Chern number of spheres corresponding to new
edges on the slice in the moment polytope of the symplectic cut. The following
lemma tells us that the first Chern number of new edges on the slice is nonneg-
ative.
Lemma 4.5.7. LetB be the homology corresponding to the sphere of an edge in the slice
of the moment polytope. Then c1(B) ≥ 0 for both M− and M+.
Proof. Let E = (v1, v2) be an edge in the slice of the moment polytope after the
cut and let B be its second homology. Again by the geometry of the Grassman-
nianns, new edges are formed from either Configuration 1, 2, or 3 above. We
use labeled edges in those configurations.
Configuration 1: Suppose E = (v1, v2) is the new edge with left vertex v1 and
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weights at v1 weights at v2 Note Contri. Multiplicity
Lj − Li1 Li1 − Lj sphere connecting them 2 1
±(Lj − L1) ±(Li1 − L1) weights out of slice 1 or −1 1
Lj − Lis Li1 − Lis s = 2, . . . , k − 1 1 k − 2
L` − Lj L` − Li1 ` 6= 1, i1, . . . , ik−1, j −1 n− k − 1
L` − Li1 L` − Lj ` 6= 1, i1, . . . , ik−1, j 1 n− k − 1
s = 2, . . . , k − 1
L` − Lis L` − Lis ` 6= 1, i1, . . . , ik−1, j 0 (n− k − 1)(k − 2)
s = 2, . . . , k − 1
Table 4.4: Weight contribution of v1 and v2 to c1(B) in M− and M+ in Con-
figuration 1
weights at v1 weights at v2 Note Contri. Multiplicity
L` − Lj Lj − L` sphere connecting them 2 1
±(Lj − L1) ±(L` − L1) weights out of slice 1 or −1 1
Lj − Lis L` − Lis s = 1, . . . , k − 1 −1 k − 1
Lr − Lj Lr − L` r 6= 1, i1, . . . , ik−1, j, ` 1 n− k − 2
L` − Lis Lj − Lis s = 1, . . . , k − 1 1 k − 1
Lr − Lis Lr − Lis r 6= 1, i1, . . . , ik−1, j, ` 0 (n− k − 2)(k − 1)
s = 1, . . . , k − 1
Table 4.5: Weight contribution of v1 and v2 to c1(B) in M− and M+ in Con-
figuration 2
right vertex v2. We list the edges from v1 and v2 along with its contribution to
c1(B) in Table 4.4, similar to those in the proof of Lemma 4.5.5.
Thus, c1(B) = k ± 1 ≥ 0.
Configuration 2: Suppose E = (v1, v2) is the new edge with left vertex v1 and
right vertex v2. We again list the edges from v1 and v2 along with its contribution
to c1(B) in Table 4.5.
Thus, c1(B) = n− k ± 1 ≥ 0.
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weights at v1 weights at v2 Note Contri. Multiplicity
L` − Li1 Li1 − L` sphere connecting them 2 1
±(Lj − L1) ±(Lj − L1) weights out of slice 0 1
Lj − Lis Lj − Lis s = 2, . . . , k − 1 0 k − 2
Lj − Li1 Lj − L` is = 1 or ` 1 1
Lr − Lj Lr − Lj r 6= 1, i1, . . . , ik−1, j, ` 0 n− k − 2
L` − Lj Li1 − Lj extra comb. 1 1
Lr − Lis Lr − Lis s = 2, . . . , k − 1 0 (n− k − 2)(k − 2)
r 6= 1, i1, . . . , ik−1, j, `
Lr − Li1 Lr − L` r 6= 1, i1, . . . , ik−1, j, ` 1 n− k − 2
L` − Lis Li1 − Lis s = 2, . . . , k − 1 1 k − 2
Table 4.6: Weight contribution of v1 and v2 to c1(B) in M− and M+ in Con-
figuration 3
Configuration 3: Suppose E = (v1, v2) is the new edge with left vertex v1 and
right vertex v2. We again list the edges from v1 and v2 along with its contribution
to c1(B) in Table 4.6. Thus, c1(B) = n ≥ 0.
A symplectic manifold is semi-positive if c1(A) ≥ 0 for all spherical ho-
mology class A ∈ H2(M ;Z) such that ω(A) > 0 and c1(A) ≥ 3 − n. An al-
most complex structure J is called semi-positive if every J-holomorphic curve
has nonnegative first Chern number. This notion of semi-positivity is equiva-
lent to the notion of nef for algebraic curves in algebraic geometry. The semi-
positive property of J is a generic property. The regularity property of J is also
a generic property. Thus, we can choose the standard almost complex structure
J0 and only need to show the semi-positivity property for this J0. The semi-
positivity property allows us to compactify the moduli space M∗A−(M−, J0)
andM∗A−(M−, J0). Compactness of the moduli space guarantees that Gromov-
Witten invariants are well-defined [33, chapter 5].
In general Hamiltonian T-spaces enjoy the topological property of equivari-
54
ant formality over Q. When the fixed points are isolated, equivariant formality
also holds overZ. So in the case of complex Grassmannians and their symplectic
cuts, we have a surjection
H∗T(M ;Z)→ H∗(M ;Z).
Dually, in homology, we know that H2(M ;Z) is spanned by T -invariant sub-
manifolds of M . For Grassmannians and their cuts, then, H2(M ;Z) is spanned
by the homology classes of spheres corresponding to edges in the moment
polytope. Thus, if we show that for the first Chern number of the homology
classes of spheres corresponding to edges in the moment polytope is nonnega-
tive, we can guarantee that symplectic cuts of complex Grassmannians are semi-
positive.
Lemma 4.5.8. The symplectic cuts M− and M+ are semi-positive for J0.
Proof. It suffices to show that the first Chern number of the homology classes of
spheres corresponding to edges in the moment polytope is nonnegative. There
are three kinds of edges in M− and M+:
(i) edges whose moment map preimages are representatives of homology
class A. It is well known that c1(A) = n, which is nonnegative.
(ii) edges whose moment map preimages are representatives of homology
class A− and A+. By Lemma 4.5.5, c1(A−) = k + 1 and c1(A+) = n− k + 1,
which are also nonnegative.
(iii) edges with homology B in the slice. By Lemma 4.5.7, c1(B) ≥ 0.
Therefore, M− and M+ are semi-positive for J0.
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Let us consider the evaluation map
ev2J0 :MA−,2(M−, J0)→M2−.
For a generic point p ∈M−, we want to find a compact complex submanifold
X ⊂M− that satisfies the following conditions:
(1) The dimensionality condition dimRMA−,2(M−, J0) + dimRX = 2 dimRM−
is satisfied,
(2) The number of holomorphic curves inMA−(M−, J0)/PSL(2,C) that pass
through p and X is different from zero,
(3) The evaluation map ev2J0 is transverse to ({p} ×X) ⊂M2−.
This will guarantee that the Gromov-Witten invariant GWJ0A−,2(PD[p],PD[X])) is
different from zero.
Likewise for M+, we consider the evaluation map
ev2J0 :MA+,2(M+, J0)→M2+.
For a generic point p ∈M+, we want to find a compact complex submanifold
Y ⊂M+ that satisfies the following conditions:
(1) The dimensionality condition dimRMA+,2(M+, J0) + dimR Y = 2 dimRM+
is satisfied,
(2) The number of holomorphic curves inMA+(M+, J0)/PSL(2,C) that pass
through p and Y is different from zero,
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(3) The evaluation map ev2J0 is transverse to ({p} × Y ) ⊂M2+.
This will guarantee that the Gromov-Witten invariant GWJ0A+,2(PD[p],PD[Y ])) is
different from zero.
We claim that the submanifolds
X =
{
V ∈ Gr(k, n)
∣∣∣∣V ⊂ C[e1, . . . , ei−1, ei+1, . . . , en]}
and
Y =
{
V ∈ Gr(k, n)
∣∣∣∣C[e1] ⊂ V}
satisfy all these conditions. Note that the complex submanifold X is isomorphic
to the Grassmannian submanifold Gr(k, n − 1) and Y is isomorphic to Gr(k −
1, n− 1).
Lemma 4.5.9. If J is integrable, then each J-holomorphic curve is counted in
GWJ0A−,2(PD[p],PD[X])) and GW
J0
A+,2
(PD[p],PD[Y ])) with a positive sign. In par-
ticular,
GWJ0A−,2(PD[p],PD[X])) ≥ 0
and
GWJ0A+,2(PD[p],PD[Y ])) ≥ 0
Proof. If J0 is integrable, then the evaluation map
ev2J0 :MA−,2(M−, J)→M2−
is holomorphic and the sign is simply the product of signs which are attached
to each component via the evaluation. Therefore being holomorphic preserves
orientation everywhere. Hence, all the curves count with +1. A similar result
holds for M+.
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We now check item (1) from our list.
Lemma 4.5.10. The manifold X = {V ∈ Gr(k, n)|V ⊂ C[e1, . . . , ei−1, ei+1, . . . , en]}
satisfies the dimensionality condition
dimRMA−,2(M−, J0) + dimRX = 2 dimRM−.
Likewise, the manifold Y = {V ∈ Gr(k, n)|C[e1] ⊂ V } satisfies the dimensionality
condition
dimRMA+,2(M+, J0) + dimR Y = 2 dimRM+.
Proof. We have dimRX = 2k(n− k − 1) and
dimRX + dimRM− + 2c1(A−) + 2 · 2− 6 = 2k(n− k − 1) + 2k(n− k)
+2(k + 1)− 2
= 2k(n− k − 1) + 2k(n− k) + 2k
= 2k(n− k) + 2k(n− k)
= 2(2k(n− k))
= 2 dimRM−
Likewise, we have dimR Y = 2(k − 1)(n− k) and
dimR Y + dimRM+ + 2c1(A+) + 2 · 2− 6 = 2(k − 1)(n− k) + 2k(n− k)
+2(n− k + 1)− 2
= 2(k − 1)(n− k) + 2k(n− k)
+2(n− k)
= 2k(n− k) + 2k(n− k)
= 2(2k(n− k))
= 2 dimRM+
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Lemma 4.5.11. Let V be a complex k-plane spanned by the rows of matrix A
A =

v11 . . . v1n
... . . .
...
vk1 . . . vkn

such that
(
1
n− k
k∑
i=1
|vi1|2
)
− 1
k
= α. Then V can be spanned by
B =

w11 w12 . . . w1n
0 w22 . . . w2n
...
... . . .
...
0 wk2 . . . wkn

such that
1
n− k |w11|
2 − 1
k
= α.
Note that the rows of a matrix representation of a complex k-plane are or-
thonormal.
Proof. We will transform matrix A in the following steps:
• Step 1: Without loss of generality, suppose v11 6= 0. Apply row reduction
to matrix A to obtain
A′ =

v11 v12 . . . v1n
0 v′22 . . . v
′
2n
...
... . . .
...
0 v′k2 . . . v
′
kn

• Step 2: Apply Gram-Schmidt algorithm from the bottom row to the top
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row of A′ to obtain:
B =

w11 w12 . . . w1n
0 w22 . . . w2n
...
... . . .
...
0 wk2 . . . wkn

• Step 3: Then 1
n− k |w11|
2− 1
k
= α because under the identification between
complex k-planes and hermitian matrices(
1
n− k
k∑
i=1
|vi1|2
)
− 1
k
= f(A) = f(B) =
1
n− k |w11|
2 − 1
k
= α
where f is the moment map corresponding to circle weight L1.
Next we establish the existence of an appropriate J0-holomorphic curve.
Proposition 4.5.12. For a generic point p ∈ M− there exists a J0-holomorphic curve
inMA−(M−, J0)/PSL(2,C) through p and X . Similarly, for a generic point p ∈ M+
there exists a J0-holomorphic curve inMA+(M+, J0)/PSL(2,C) through p and Y .
Proof. Denote the open dense set O = f−1
(
−1
k
,
1
n− k − 
)
and let p ∈ O. Then
there exists α ∈
(
−1
k
,
1
n− k − 
)
such that p ∈ f−1(α) and we can write
p = span(v1, . . . , vk)
where
n∑
i=1
|vji|2 = 1,
n∑
i=1
vjiv`i = 0 and
(
1
n− k
k∑
i=1
|vi1|2
)
− 1
k
= α. By Lemma
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4.5.11, p is spanned by the rows of
B =

w11 w12 . . . w1n
0 w22 . . . w2n
...
... . . .
...
0 wk2 . . . wkn

with
1
n− k |w11|
2 − 1
k
= α. Let
S =
{
V ∈ Gr(k, n) | span(e2, e3, . . . , ek) ⊂ V ⊂ span(e1, e2, . . . , ek, ek+1)
}
⊂ Gr(k, n)
and S is the image of a J-holomorphic curve in the class of A in Gr(k, n). Let q
be a complex k-plane in S spanned by (e2, . . . , ek, w11e1 + cek+1) for some c ∈ C
satisfying |w11|2 + |c|2 = 1. Let S˜ be the resulted J0-holomorphic curve obtained
from S in the class of A− after applying the symplectic cut.
Let
H =
1 0
0 SU(n− 1)

be the subgroup of SU(n) that fixes the first coordinate. Then by the previous
construction of B and transitivity action of SU(n − 1) on the remaining n − 1
coordinates, there exists g ∈ H such that g · q = p. Thus g · S˜ is the image of a
J-holomorphic curve in the class of A− that contains p.
Since H is a Lie subgroup, there exists a continous 1-parameter family of
H that takes the identity element e ∈ H to g ∈ H . This induces a smooth 1-
parameter family of holomorphic diffeomorphisms from the identity map φe to
φg. This implies that φg is homotopic to the identity map. Since homology is
invariant under homotopic maps, we have that
[φg(S˜)] = [φe(S˜)] = [S˜] = A−.
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Note that f−1
(
−1
k
)
= X . Since the action of H preserves the first component,
g · S goes through both the point p and the submanifold X . The proof of the
second statement for M+ is analogous.
Definition 4.5.13. A d-dimensional pseudocycle in a manifold Y is a smooth
map
f : V → Y
defined on an oriented d-dimensional manifold V such that its image f(V ) has
compact closure and its limit set Ωf has dimension ≤ d− 2. Here
Ωf =
⋂
K⊂V
K compact
f(V \K)
is the set of all limit points of sequences f(yν) where yν has no convergent sub-
sequence in V .
Observation 4.5.14. The identity map f : Gr(k, n − 1) → M− from Gr(k, n − 1) to
X is a pseudocycle dual to the cohomology class PD[X]. Similarly, the identity map
g : Gr(k − 1, n − 1) → M+ from Gr(k − 1, n − 1) to Y is a pseudocycle dual to the
cohomology class PD[Y ].
This verifies the required transversality. We now put conditions (1), (2), and
(3) together to verify the existence of a non-zero Gromov-Witten invariant.
Lemma 4.5.15. GWJ0A−,2(PD[p],PD[X])) 6= 0 and GWJ0A+,2(PD[p],PD[X])) 6= 0.
Proof. By [33, Exercise 7.1.2], GWJ0A−,2(PD[p],PD[X])) is the intersection number
of ev2J0 with a product cycle f1×f2 where f1 is the identity map of a generic point
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p and f2 is the map defined in Observation 4.5.14 above. By Proposition 4.5.12,
the intersection of ev2J0 with the the product cycle f1 × f2 is at least 1. Hence,
GWJ0A−,2(PD[p],PD[X])) ≥ 1.
The proof for GWJ0A+,2(PD[p],PD[X])) ≥ 1 is analogous.
We have proved that for either symplectic cuts of Grassmannian manifolds
there is a non-vanishing Gromov-Witten invariant with one of its constraints
Poincare´ dual to the class of a point. By Theorem 2.4.2, the Gromov width of
such manifolds is bounded above by the symplectic area ω(A−) and ω(A+) of
the homology class A− and A+ respectively. Proposition 4.5.3 establishes the
lower bounds for M− and M+ that agree with these upper bounds. In summary
we have established the main result for this section:
Theorem 4.5.16. The Gromov width of M− is
Gwidth(M−) = ω(A−),
and the Gromov width of M+ is
Gwidth(M+) = ω(A+).
Thus the monotonicity condition is satisfied:
Gwidth(M˜) ≤ Gwidth(M)
for all symplectic cuts M˜ of M by a circle weight Li.
For our special cuts by circle weight Li, we have a strong relationship,
Gwidth(M) = Gwidth(M−) + Gwidth(M+),
where M− and M+ are resulting cut spaces of M . This additivity does not hold
for general smooth cuts of Gr(k, n).
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Proposition 4.5.17. The Gromov width is not additive.
Proof. In the case of an equivariant blow-up at a fixed point as in Figure 4.2 the
Gromov width is not additive. The sum of the Gromov widths of M− and M+ is
strictly greater than the Gromov width of M because the Gromov width of the
blow-up manifold M− is the same as the Gromov width of M .
We now wish to show that the Gromov-Witten invariant is exactly 1. This
way there is a natural inheritance of J-holomorphic curves in the class of A
from upstairs to J-holomorphic curves in the class A− or A+.
Proposition 4.5.18. For M˜ = M− or M+, A˜ = A− or A+, Z = X or Y , we have
GWJ0
A˜,2
(PD[p],PD[Z])) = 1.
Proof. Suppose that GWJ0
A˜,2
(PD[p],PD[Z])) > 1. Fix two marked points, z1 and
z2 on S2 and let u be the J-holomorphic curve in the class A˜ defined as in the
proof of Proposition 4.5.12. Let P and Q be the images of z1 and z2 under u in
M˜ so that u(z1) /∈ Z and u(z2) ∈ Z, denote C the image of u. Let u′ be another
distinct J-holomorphic curve in that class A˜ whose image contains P and Q,
and denote C ′ the image of u′.
Let
S =
{
V ∈ Gr(k, n) | span(e2, e3, . . . , ek) ⊂ V ⊂ span(e1, e2, . . . , ek, ek+1)
}
⊂ Gr(k, n)
and S is the image of a J-holomorphic curve in the class of A in Gr(k, n) and let
S ′ be the J-holomorphic curve obtained after the symplectic cut.
Let g ∈ SU(n− 1) such that g ·C = S ′. By the local normal form, there exists
an equivariant ballB centered around g·Q of capacity ω(A˜) containing the curve
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S ′. B is the image of a J-holomorphic embedding φ of a ball B2n(r) of radius
r into M˜ . Since g · C ′ is a J-holomorphic curve of capacity ω(A˜) containing the
center g ·Q, g ·C ′ ia also contained inside B. Let D = B2n(r)∩φ−1(g ·C ′) and we
claim that φ(D) = g · C ′. On B2n(r), the almost complex structure is standard.
Therefore the preimageD is holomorphic, hence minimal surface inB2n(r) with
boundary in δB2n(r). By the monotonicity formula, the area of D is at least
pir2 = ω(A˜). This implies area of v(D) equals ω(g · C ′). Hence, φ(D) = g · C ′.
Thereofore, g · C ′ contains inside B.
Since there is a unique J-holomorphic curve going through two points inside
B, namely g · P and g · Q, g · C and g · C ′ are the same curve. This implies that
C = C ′, which is a contradiction.
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